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Abstract
The first-order bosonic field equations of the D-dimensional ef-
fective low energy theory which describes the massless background
coupling of the D-dimensional fully Higgsed heterotic string are de-
rived.
1 Introduction
The ten-dimensional N =1 supergravity [1, 2] which is coupled to 16 gauge
multiplets with the gauge group either O(32) or E8 × E8 is the low energy
effective limit theory which describes the massless background coupling of
the ten-dimensional heterotic string [3]. If one chooses Abelian gauge multi-
plets then one obtains the maximal torus sub-theory of the ten-dimensional
O(32) or E8×E8 Yang-Mills supergravity theory. In this case the full gauge
group is broken down to its maximal torus subgroup U(1)16, whose Lie al-
gebra is the Cartan subalgebra of the non-abelian gauge groups mentioned
above. This mechanism is due to the general Higgs vacuum structure of the
heterotic string which causes a spontaneous symmetry breakdown. Thus in
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this respect upon compactification one obtains the D-dimensional fully Hig-
gsed massless heterotic string coming from the maximal torus sub-theory of
the ten-dimensional O(32) or E8 × E8 Yang-Mills supergravity. In either of
the O(32) or the E8 ×E8 heterotic string theories in order to obtain the D-
dimensional massless heterotic string in the fully Higgsed compactification
only the ten-dimensional 16 Cartan gauge fields are kept in the reduction
since the non-cartan gauge fields lead to massive fields following the com-
pactification. In other words only the Cartan gauge fields are kept since they
are the only fields which will remain massless for generic values of the Wilson
lines.
In [4] one can refer to the torodial compactification of the bosonic sector
of the ten-dimensional N =1 supergravity which is coupled to 16 Abelian
gauge multiplets. As we have discussed above such a reduction gives us
the D-dimensional bosonic low energy theory of the massless sector of the
D-dimensional fully Higgsed heterotic string. In a formalism which treats
the scalar manifolds as generic G/K-cosets and which uses the solvable Lie
algebra parametrization [5, 6, 7] the field equations of these bosonic theories
are studied in [8].
Starting from the bosonic field equations of the D-dimensional effective
massless fully Higgsed heterotic string which is the D-dimensional heterotic
supergravity in this note we derive the first-order field equations by locally
integrating the second-order field equations obtained in [8]. By integration
we mean cancelling an exterior derivative on both sides of the equations.
Therefore we obtain a first-order formulation of the theory. We will effectively
make use of the results derived in [9] which states that there exists a one-
sided on-shell decoupling between the coset scalars and the gauge fields of
the heterotic supergravities. For this reason to obtain the first-order field
equations of the coset scalars we will adopt the general formulation of [7]
which works out the first-order field equations of the pure symmetric space
sigma model. We will also give a brief discussion how one can make use of the
first-order field equations to perform the on-shell bosonic coset construction
of the D-dimensional heterotic supergravity.
2 The First-Order Field Equations
The bosonic field content which constitutes the low energy effective La-
grangian that describes the bosonic sector of the D-dimensional massless
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background coupling of the fully Higgsed heterotic string can be given as [8]
{CI(1), A(2), φ, φ
i, χα}. (2.1)
The fields CI(1) are (20− 2D+16) one-forms, and A(2) is a two-form, the rest
of the fields are scalars. The scalar field φ is decoupled from the rest of the
scalars which are the coset ones. The coset scalars {φi, χα} parametrize the
coset manifold
O′(10−D + 16, 10−D)/O(10−D + 16)×O(10−D), (2.2)
whose elements which are (20 − 2D + 16)-dimensional real matrices in the
fundamental representation satisfy
νTΩν = Ω. (2.3)
Here the (20− 2D + 16)× (20− 2D + 16) matrix Ω is
Ω =

 0 0 −1(10−D)0 1(16) 0
−1(10−D) 0 0

 , (2.4)
where 1(n) is the n × n unit matrix. Following the notation of [8] we use
a prime in (2.2) which stands for the particular representation of O(10 −
D + 16, 10 − D) defined through (2.3) that is generated by the indefinite
signature metric (2.4)1. We should also state that we separate N = 16 in our
expressions to emphasize the number of Abelian matter multiplets coupling
to the ten-dimensional N =1 type I supergravity which forms when coupled
to these 16 U(1) vector multiplets the low energy effective limit of the ten-
dimensional fully Higgsed heterotic string. The coset parametrization can be
constructed in the solvable Lie algebra gauge [5, 6, 7, 8] as
ν = e
1
2
φiHieχ
αEα, (2.5)
where i = 1, · · · , r and α = 1, · · · , n. Here Hi are the Cartan generators
and Eα are the positive root generators of the solvable Lie algebra which
takes part in the Iwasawa decomposition of o′(10−D+16, 10−D) [10]. One
1On the other hand the unprimed notation O(10−D+16, 10−D) is used in [8] for the
usual representation of the generalized orthogonal group generated by the diagonalized
indefinite signature metric η = diag(−,−, ...,−,+,+, ...,+).
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can find a more detailed study of the solvable Lie algebra parametrization in
[6, 7, 8]. The field equations of the bosonic fields (2.1) are already derived
in [8]. They read
(−1)Dd(∗dφ) =
1
2
√
8/(D − 2) e
−
q
8
(D−2)
φ
∗ F(3) ∧ F(3)
+
1
2
√
2/(D − 2) e
−
q
2
(D−2)
φ
MIJ ∗H
I
(2) ∧H
J
(2),
d(e
−
q
8
(D−2)
φ
∗ F(3)) = 0,
d(e
−
q
2
(D−2)
φ
MI J ∗H
J
(2)) = (−1)
De
−
q
8
(D−2)
φ
ΩI JH
J
(2) ∧ ∗F(3),
d(eγiφ
i
∗ Uγ) =
∑
α−β=−γ
Nα,−βU
α ∧ eβiφ
i
∗ Uβ ,
d(∗dφi) =
1
2
∑
β∈∆+nc
βie
1
2
βjφ
j
Uβ ∧ e
1
2
βjφ
j
∗ Uβ
−
1
2
(−1)De
−
q
2
(D−2)
φ
∗H(2) ∧ ν
THiνH(2),
(2.6)
where α, β, γ whose corresponding generators enter in the solvable lie algebra
parametrization of (2.5) are the elements of ∆+nc which is the set of non-
compact positive roots of o′(10−D+16, 10−D) [7, 8]2. The field strengths
of the fields {CI(1), A(2), χ
β} are respectively defined as
HI(2) = dC
I
(1),
F(3) = dA(2) +
1
2
ΩIJ C
I
(1) ∧ dC
J
(1),
Uα = Ωαβdχ
β.
(2.7)
The matrix M is
M = νT ν. (2.8)
In the above relations βi, γi are the root vector components and Nα,β are
the structure constants of the corresponding positive root generators of the
solvable Lie algebra generated by {Hi, Eα} [6, 7, 8]. More specifically
[Hj, Eγ ] = γjEγ , (2.9)
2We adopt the notation of [7] and randomly enumerate the roots in ∆+nc from 1 to n.
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and
[Eα, Eβ] = Nα,βEα+β. (2.10)
From [6, 7] the definition of the n× n matrix Ω(χβ) reads3
Ω = (eω − I)ω−1, (2.11)
where ω is an n× n matrix with components
ωγβ = χ
αKγαβ. (2.12)
Here Kγαβ are defined through the commutators of {Eα}
4
[Eα, Eβ] = K
γ
αβEγ. (2.13)
We should state that we freely lower and raise indices by using various di-
mensional Euclidean metrics when necessary for convenience of notation. In
[8] it is shown that the second term on the right hand side of the last equation
in (2.6) which is compactly written in matrix form can be given as
−
1
2
(−1)De
−
q
2
(D−2)
φ
∗H(2) ∧ ν
THiνH(2) = (−1)
D ∂Lm
∂φi
. (2.14)
Here Hi are the (20 − 2D + 16)-dimensional matrix representatives of the
Cartan generators and H(2) is the vector of the field strengths defined in
(2.7). Also Lm is the matter-scalar coupling Lagrangian [8]. However on
the other hand in [9] it is proven that the expression in (2.14) vanishes on-
shell for the elements of the solution space indicating that the coset scalar
field equations coincide with the pure sigma model ones. Therefore we can
legitimately drop the second term on the right hand side of the last equation
in (2.6).
As discussed in the Introduction our aim in this note is to integrate the
field equations in (2.6) locally. In this respect we will use the fact that locally
a closed differential form is an exact one. For this reason we first introduce
the dual fields
{C˜I , B˜, φ˜}, (2.15)
3The reader should be aware that the plain Ω with indices I, J,K, ... and the bold one
Ω with the indices α, β, γ, ... are two different objects. We prefer using them together for
the sake of conformity with the references.
4Of course by comparing (2.13) with (2.10) one may relate Nα,β to K
γ
αβ.
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where C˜I are (D− 3)-forms, B˜ is a (D− 4)-form and φ˜ is a (D− 2)-form. It
is a straightforward operation that if one applies the exterior derivative on
both sides of
e
−
q
8
(D−2)
φ
∗ F(3) = dB˜, (2.16)
one obtains the second equation in (2.6). Thus (2.16) is our first first-order
field equation. Next let us consider
e
−
q
2
(D−2)
φ
MI J ∗H
J
(2) = (−1)
D(dC˜I + ΩI KC
K
(1) ∧ dB˜). (2.17)
If we take the exterior derivative of both sides we get
d(e
−
q
2
(D−2)
φ
MI J ∗H
J
(2)) = (−1)
DΩI KdC
K
(1) ∧ dB˜. (2.18)
By using (2.16) in it (2.18) gives the third equation in (2.6). Finally let us
take the first-order equation
∗ dφ = dφ˜−
1
2
√
8/(D − 2)A(2) ∧ dB˜ +
1
2
√
2/(D − 2)δIJC
I
(1) ∧ dC˜
J . (2.19)
If we apply the exterior derivative on both sides of (2.19) we get
d(∗dφ) = −
1
2
√
8/(D − 2)dA(2) ∧ dB˜+
1
2
√
2/(D − 2)δIJdC
I
(1) ∧ dC˜
J . (2.20)
By using (2.7) and (2.16) the above equation can be written as
d(∗dφ) =
1
2
√
8/(D − 2) e
−
q
8
(D−2)
φ
(−1)D ∗ F(3) ∧ F(3)
+ (−1)D
1
2
√
2/(D − 2) e
−
q
2
(D−2)
φ
MIK ∗H
K
(2) ∧H
I
(2)
+
1
2
√
2/(D − 2) e
−
q
8
(D−2)
φ
ΩIJC
I
(1) ∧H
J
(2) ∧ ∗F(3)
−
1
2
√
2/(D − 2) e
−
q
8
(D−2)
φ
ΩKIC
K
(1) ∧H
I
(2) ∧ ∗F(3). (2.21)
Since Ω is a symmetric matrix the last two terms cancel and as M is also
a symmetric matrix this equation gives us the first equation in (2.6). The
first-order formulation of the coset scalar field equations in (2.6) is a straight-
forward task. Following our discussion above when we drop the second term
on the right hand side of the last equation in (2.6) we obtain the pure sigma
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model field equations which are the same with the ones derived for a generic
coset manifold in [7]. As we have remarked before this fact is a consequence of
the on-shell conditions satisfied by the general solutions of the theory which
are rigorously derived in [9]. The first-order field equations of the general
non-split [10] scalar coset are already derived in [7]. In general the coset
manifolds in (2.2) are also in non-split form. Therefore we can adopt the
results of [7] for the scalar sectors of the heterotic supergravities. For the
sake of completeness we will repeat the first-order scalar field equations of
[7] here. From [7] we have
∗
⇀
Ψ = (−1)DeΓeΛ
⇀
A. (2.22)
Here we define the (r+n)-dimensional column vectors
⇀
Ψ and
⇀
A whose com-
ponents can be given as
Ψi =
1
2
dφi, for i = 1, ..., r, Ψα+r = e
1
2
αiφ
i
Ωαγdχ
γ, for α = 1, ..., n,
Ai =
1
2
dφ˜i, for i = 1, ..., r, and Aα+r = dχ˜α, for α = 1, ..., n,
(2.23)
where we have introduced the dual (D− 2)-forms φ˜i and χ˜α. In (2.22) Γ(φi)
and Λ(χβ) are (n+ r)× (n+ r) matrix functions. Their components read
Γkn =
1
2
φi g˜kin , Λ
k
n = χ
αf˜kαn. (2.24)
The real constant coefficients {g˜kin} and {f˜
k
αn} are already listed in [6]
5. They
are
f˜nαm = 0, m ≤ r , f˜
i
α,α+r =
1
4
αi, i ≤ r,
f˜ iα,α+r = 0, i > r , f˜
i
α,β+r = 0, i ≤ r, α 6= β,
5In [6] the indices i, j, ... are taken to run from 1 to l however in the present manuscript
we have preferred using r instead of l. Thus the reader may read the coefficients {g˜kin}
and {f˜kαn} from equations (3.8) and (3.9) of [6] by replacing l with r.
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f˜ γ+rα,β+r = Nα,−β, α− β = −γ, α 6= β,
f˜ γ+rα,β+r = 0, α− β 6= −γ, α 6= β, (2.25)
and
g˜nim = 0, m ≤ r , g˜
n
im = 0, m > r, m 6= n,
g˜αiα = −αi, α > r. (2.26)
Since as discussed in detail in [6, 7] beside being enumerated α, β, γ, ... cor-
respond to the set of non-compact positive roots of o′(10−D + 16, 10−D)
the conditions on them in (2.25) and (2.26) must be understood in the root
sense. We should also state that likewise in [7] we assume the signature of the
spacetime as s = 1. It is proven in [7] that as a consequence of the dualisation
of the general symmetric space sigma model the first-order field equations in
(2.22) correspond to the local integration of the last two equations of (2.6)
when the term which comes from the scalar-matter coupling Lagrangian is
dropped as discussed before. Therefore we have derived the entire set of
first-order field equations which are obtained by locally cancelling an exte-
rior derivative on both sides of the equations in (2.6). Namely the equations
(2.16), (2.17), (2.19), and (2.22) represent the first-order formulation of the
D-dimensional low energy massless background coupling of the fully Higgsed
heterotic string which is the D-dimensional heterotic supergravity.
Before concluding we will present a discussion of an important application
of the first-order field equations of the heterotic supergravities. In [11] the
locally integrated first-order bosonic field equations of the maximal and IIB
supergravities are used to derive the superalgebras that lead to the complete
coset constructions of the bosonic sectors of these theories. Similarly the
methodology of [11] can be extended to the heterotic supergravities. We will
not present the complete coset construction of the heterotic supergravities
here and leave it to a future work however we will discuss the outline of
deriving the superalgebra of the on-shell coset construction of the heterotic
supergravities. The first task in constructing the coset formalism is to assign
an algebra generator to each original and dual field in the first-order equations
(2.16), (2.17), (2.19), (2.22) and then to propose a coset map. In our case
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this map becomes
ν = exp(1
2
φjHj)exp(χ
mEm)exp(φK)exp(C
I
(1)VI)exp(
1
2
A(2)Y )
×exp(1
2
B˜Y˜ )exp(C˜I V˜I)exp(φ˜K˜)exp(χ˜
mE˜m)exp(
1
2
φ˜jH˜j). (2.27)
The associated Cartan-form may be defined as
G = dνν−1. (2.28)
From [11] we know that in the doubled formalism coset construction the
Cartan-form satisfies a twisted self-duality equation
∗ G = SG, (2.29)
with S being a pseudo-involution of the coset algebra of the generators intro-
duced in (2.27). The key ingredient of the coset construction is the require-
ment that (2.29) must give us the first-order field equations of the theory.
Therefore the method of revealing the coset algebra structure is to calculate
(2.28) in terms of the desired structure constants, then to insert it in (2.29)
and finally to compare the result with the equations (2.16), (2.17), (2.19),
(2.22) to read the structure constants of the coset algebra.
3 Conclusion
In this work, by locally integrating the second-order field equations which are
derived in [8] and which govern the massless sector of the D-dimensional fully
Higgsed heterotic string namely the D-dimensional heterotic supergravity we
have obtained the first-order field equations of the theory which contain only
a single exterior derivative acting on the potentials. In these first-order field
equations we have introduced dual fields which may be considered as inte-
gration constants. The dual fields are nothing but the Lagrange multipliers
associated with the Bianchi identities of the field strengths when one treats
these field strengths as fundamental fields instead of their potentials [12].
The fact which is derived in [9] that as an on-shell condition the coset scalar
field equations can completely be decoupled from the gauge fields provides
us the usage of the first-order symmetric space sigma model field equations
of [7] in our formulation.
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In GR the Palatini application of the Ostrogradski method [13] of reduc-
ing the derivative order of second-order Lagrangians by including auxiliary
fields is a vast research area in recent years especially for the f(R) theories of
gravity. The Ostrogradski method have also been effectively used to obtain
the first-order formulations of supergravity theories. First-order formulations
of supergravities are studied to understand the superpotentials [14, 15, 16]
as well as the supersymmetry transformation laws [17]. The reader may find
examples of the first-order formalism of supergravity theories in various di-
mensions in [17, 18, 19, 20, 21, 22, 23]. In the general first-order formalism
method of these works the field strengths of the basic fields are also consid-
ered as independent fields and a first-order Lagrangian is constructed which
gives first-order field equations in terms of the basic fields and their field
strengths. When the field equations of the field strengths are substituted
back in the Lagrangian one recovers the second-order formalism. In com-
parison with this scheme our first-order field equations of the D-dimensional
heterotic supergravity do contain the basic fields except the graviton but on
the contrary they do not include the field strengths. Instead we have intro-
duced dual fields which may be considered as arbitrary integration constants
that algebraically came into the scene as a result of abolishing an exterior
derivative on both sides of the second-order field equations. Thus our ap-
proach is purely algebraic rather than being formal. We have simply reduced
the degree of the field equations without increasing the number of fields to
be solved and in this process arbitrary integration constants have arouse.
On the other hand we have not constructed the corresponding Lagrangian
which would lead to the first-order equations we have obtained. However as
we have discussed above such a Lagrangian which would kinematically be
different than the one that would appear within the Ostrogradski method
would rather be obtained by Lagrange multiplier method that makes use of
the Bianchi identities of the field strengths.
The first-order formulation of the D-dimensional heterotic supergravity
presented in this note has two important implications. The first-order field
equations play an important role in the coset construction of the super-
gravities [11]. Thus as we have briefly discussed in the previous section the
equations derived in this note can be considered to be essential ingredients of
a possible coset construction of the heterotic supergravities. Secondly since
the dual fields introduced in the first-order field equations can be arbitrar-
ily varied one can make use of this fact to generate solutions. Therefore in
this respect beside being first-order the integrated field equations contain-
10
ing parameters which can be manipulated become powerful tools in seeking
solutions of the heterotic supergravities.
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